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The uniform subset graph C(n, k, t) is defined to have all k-subsets of an n-set as 
vertices and edges joining k-subsets intersecting at t elements. We conjecture that 
G(n, k, t) is hamiltonian when it is different from the Petersen graph and does 
possess cycles. We verify this conjecture for k - t = 1, 2, 3 and for suitably large n 
when t==O, 1. 0 1987 Academic Press, Inc. 
1. INTRODUCTION 
Let V(n) = { 1, 2,..., n} and V(n, k) = {X 1 x G V(n) and 1x1 = k), where 1x1 
denotes the cardinality of x. Call a triple of natural numbers (II, k, t) 
admissible if it satisfies the following conditions: 
n>k>t and 
n > 2k if t = 0, 
n32k-t if t >O. 
A uniform subset graph G(n, k, t) has V(n, k) as its vertex set and its edges 
are the pairs {x, y} of elements of V(n, k) with Ixn yI = t. We assume that 
an admissible (n, k, t) is meant when G(n, k, t) is written so that G(n, k, t) 
always has cycles. 
With special values of n, k, and t, the graph G(n, k, t) has appeared in 
the literature under various disguises. The Johnson scheme J(n, k) in the 
theory of associations schemes (Moon [ 121) is G(n, k, k - 1). Kneser’s 
graph in Lo&z [7] is G(2n + k, n, 0). The graph G(2k - 1, k - 1, 0) has 
been baptized k-valent halved combination graph (Balaban [l]), odd 
grap~h (Cameron [2, p. loo]), even the graph for the footballers of Croam 
(Meredith and Lloyd [ 111). 
In Meredith and Lloyd [lo], it is conjectured that G(2k- 1, k - 1, 0) 
has a hamiltonian cycle except for the Petersen graph G(5, 2, 0). This has 
* This work was supported by the National Science Council of Republic of China under 
Contract NSC74-0201-MOOld-02. 
257 
0095-8956187 $3.00 
Copyright Q 1987 by Academic Press,Inc. 
All rights of reproduction in any form reserved. 
258 CHENAND LIH 
been established for k = 2, 4, 5, 6, 7 (Meredith and Lloyd [lo] ) and k = 8 
(Mather [9]). We are interested in the following problem of broader 
significance. What is the length of a longest cycle in G(n, k, t)? Usually the 
maximum length is called the circumference of G(n, k, t) and it is denoted 
by c(n, k, t) in this paper. We will be working toward establishing the 
following. 
Conjecture. The graph G(n, k, t) is hamiltonian for any admissible triple 
(n, k, t) except (5,2,0) and (5, 3, 1). 
Heinrich and Wallis [S] prove that 
1. The graph G(n, k, 0) is hamiltonian if II 3 k+ (k21’k/(2”k- 1)) 
(which is asymptotic to k2/log 2). 
2. The graph G(n, k, 0) is hamiltonian for (i) k = 1, n 3 3; (ii) k = 2, 
n > 6; (iii) k = 3, n > 7. 
We will prove the conjecture for (n, k, k- 1), (n, k, k- 2), (n, k, k - 3), 
and for suitably large n when k is given and t equals 0 or 1. Unfortunately, 
our results are not strong enough to settle the conjecture of Meredith and 
Lloyd. 
We wish to thank the referees for very helpful comments, especially for 
calling our attention to the previous results in Heinrich and Wallis [S]. 
2. INDUCTION THEOREM 
We first observe a few simple facts about the circumference c(n, k, t). 
Fact 1. c(n, k, t)<c(n+ 1, k, t), since G(n, k, t) is a subgraph of 
G(n + 1, k, t). 
Fact 2. c(n, k, t) < c(n + 1, k + 1, t + 1), since G(n, k, t) is isomorphic to 
the induced subgraph of G(n + 1, k + 1, t + 1) consisting of vertices which 
contain the element n + 1. 
Fact 3. c(n, k, t) = c(n, n -k, n - 2k + t), since taking complementary 
subsets establishes an isomorphism between G(n, k, t) and G(n, n-k, 
n-2k+t). 
A graph G is vertex (edge) transitive if, for any pair of distinct vertices 
(edges), there is an automorphism of G mapping one to the other. 
PROPOSITION 1. The graph G(n, k, t) is both vertex and edge transitive. 
Proof: Since any permutation of V(n) induces an automorphism of 
G(n, k, t), the graph is vertex transitive. Let {x, y} be an edge of G(n, k, t) 
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and note that the sets x n y, x\y, y\x are pairwise disjoint. If now (a, b} is 
another edge of G(n, k, t), then any permutation mapping n n b onto x n y, 
a\b onto x\v, and b\a onto y\x induces an automorphism of the graph 
mapping {a, b} onto {x, y}. Q.E.D. 
PROPOSITION 2. The inequality c(n, k, f ) + c(n, k + 1, t + 1) < c(n + 1, 
k + 1, t + 1) holds. 
Proof. We may assume that both terms on the left-hand side are 
positive. 
Let rl be a cycle of length c(n, k+ 1, t + 1) in the subgraph 
G(n,k+l,t+l)ofG(n+l,k+l,t+l).Let{a,b)bearaedgeofr,and 
leta,~unb,u,~a\b,andb,~b\u.Considertheverticesx=jn+1,u,}u 
b\bd and y= {H + 1, b,) uu\{a,,>. Thus (a, x>, (b, y>: and {x, yj are 
edges in G(n + 1, k + 1, t + 1). Now since it is isomorphic to G(/z, k, f) and 
edge transitive, the subgraph of G(n + 1, k + 1, t + 1) induced by the ver- 
tices containing n + 1 contains a cycle r2 of length c(n, k, t) passing 
through {x, y}. Since this subgraph is disjoint from G(n, k, t), the cycle 
obtained by using r, and r2, except for (a, b} and (x9 v} replaced by 
{a, x} and (b, y}, has length c(n, k, t) + c(n, k + 1, t + 1). Q.E.D. 
‘Proposition 2, together with the fact that (;z 1) = (if + ( kz 1 ), gives the 
following induction theorem. 
THEOREM 1. If both G(n, k, t) and G(n, k + 1, t + 1) are hamiltonian, so 
is G(n+ 1, k+ 1, t+ 1). 
3. THE CASE r=O 
ChvAtal and Erdijs [3] prove that a graph is hamiltonian if its indepen- 
dence number does not exceed its connectivity. Erdas, Ko, and Rado [4] 
prove that G(n, k, 0) has independence number (;I i). We now derive a 
general result about connectivity. 
PROPOSITION 3. The connectivity of G(n, k, t) is (:)(;I:). 
ProoJ: We know (Lo&z [8, p. 751) that a connected simple graph 
with an edge transitive automorphism group and with all degrees at least r 
is r-connected. Since G(n, k, t) is a regular graph of degree (:)(;I:), it 
remains to prove that it is connected. 
By Fact 3 of Section 2, we may assume that n 3 2k. Now let a = 
(a,,..., a,, umflr..., uk} and b = {b, ,..., b,, a, + , ,..., a/;} be arbitrary distinct 
elements of V(n, k) such that an b= (a,, ,,..., uk}. Define xi= (b, ,..., b,, 
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a I + 1 Y..., ak} for i = 0, I,..., m. Any adjacent members in the sequence a = x0, 
x, ,..., x,,, = b intersect at k - 1 elements. The graph G(n, k, t) is connected if 
we can show that two vertices x and y can be connected by a path 
whenever Ix n y 1 = k - 1. Let x and y be two such vertices and let x n y  = 
(~1,-, Uk- 1 }. Then both x and y are adjacent to (ur ,..., uI, w,+ r ,..., wk} for 
any distinct w,, r ,..., wk in V(n)\(x u Jo). Q.E.D. 
For t = 0, the Chvatal-Erdos condition requires that (;I :) 6 (“i”), or, 
equivalently, that a(n, k) = (;::)/(“ik) is 6 1. For fixed k, ($11) is a 
polynomial of degree k - 1 in n, and (“; k, is one of degree k. Therefore, for 
sufficiently large n, a(n, k) < 1. Furthermore, simple calculations show that 
for all n>2k, a(n+ 1, k)da(n, k). Thus, if e(k)=min(nIn>2k and 
a(n, k) < 1 >, we have proved 
THEOREM 2. The graph G(n, k, 0) is hamiltonian when n > e(k). 
As to the values of e(k), we have found for k = 2, 3,..., 16 that e(k) = 6, 
11, 16, 22, 29, 37, 45. 55, 64, 75, 86, 97, 110, 123, 136. We have also found 
that for k> 16, e(k) <n(k) = k(k+ 1)/2. This is true for k = 16 because 
n(16) = e(16) = 136. For k 3 17, it is a consequence of the following 
proposition, whose proof consists of an easy computation. 
PROPOSITION 4. Fork> 16, a(n(k+ l), k+ l)<a(n(k), k). 
This yields a weaker yet more explicit form of Theorem 2. However, it is 
still an improvement over Theorem 4.3 of Heinrich and Wallis [S]. 
THEOREM 3. Let k > 16 be given. Then G(n, k, 0) is hamiltonian for all 
n 3 k(k + 1)/2. 
4. THE CASE t=l 
A theorem of Jackson [6] states that a regular 2-connected graph is 
hamiltonian if its order does not exceed three times its degree. Each graph 
G(n, k, 1) is 2-connected and regular. Let us consider f(k) = 
min{n 1 n 2 2k - 1 and (;) d 3k(;:l;)}. The existence off(k) will be shown in 
the next theorem. For k = 2, 3 ,..., 16, we have found by direct computation 
that f(k) = 3, 6, 10, 15, 22, 29, 39, 49, 61, 74, 88, 104, 121, 139, 159. 
THEOREM 4. The graph G(n, k, 1) is hamiltonian for all n >f (k). 
ProoJ The theorem will be established in four steps: 
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1. We first prove (1) 6 3k(;:t) when IZ = k’ - k and k 3 3. Sub- 
stituting k2 - k for n, we have 
3k (k;l:k)/(k’kk) 
3k2(k2 - 3k + 2)(k2 - 3k + 3). . . (k’ - 2k) 
=(k-1)2(k2-2k+2)(k2-2k+3)...(k2-k)’ (*) 
This fraction is greater than 1 for k = 3, 4, 5, 6, and 7 by direct com- 
putation. For larger values of k, we note that k2(k2 - 2k) - (k- 1)2 
(k2 - k) = k3 - 3k2 + k > 0. Therefore, we have 
3(k2-3k+2)(k2-3k+3)...(k2-2k-1) 
(*)’ (k2-2k+2)(k’-2k+3)...(k2-k-1) 
>3(k2-3k)“-’ 
(k2-2k)k-2 
=3(1 -(k-2)-‘)“-‘. 
We know that (1 -(k-2)PL)kPZ . Increases with k when k > 8. Hence, 
(*)>3(1-$,“> 1. 
2. When n < k’- k, it is easy to show that 3k(“:ir’)/(“:‘) > 
W;~W)~ 
3. The preceding two steps have shown that, when k 3 3, G(n, k, 1) is 
hamiltonian for n =f(k), f(k) + l,..., k2 - k. Now k’- k > (k - l)k/2 > 
e(k-l)ifk>17. When3<k<16, k2-kke(k-1) holdsfromourlist of 
values for e(k). By Theorem 3, G(k2 - k, k- 1, 0) is hamiltonian. Using 
Theorem 1, G(k2 -k + 1, k, 1) is hamiltonian. Applying this argument 
inductively, we see that G(n, k, 1) is hamiltonian for n >f(k) and k 3 3. 
4. It remains to show the case k = 2. G(3, 2, 1) is clearly hamiltonian 
since it is a triangle, G(n, 1,0) is hamiltonian for n 3 3. Again, an induction 
argument based on Theorem 1 will show that G(n, 2, 1) is hamiltonian for 
n 3 3 =f( 2). Q.E.D. 
The preceding proof has provided us with the following weaker yet more 
explicit form. 
COROLLARY. The graph G(n, k, 1) is hamiltonian for n > k’ -k. 
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5. CASES FOR k - t = 1, 2, 3 
THEOREM 5. Let n, and k be such that G(n, k, 0) is hamiltonian for all 
n 3 n, and G(n,, k+ r, r) is hamiltonian for r =O, l,..., n, - 2k. Then 
G(n, k + r, r) is hamiltonian for all n > no and r = 0, I ,..., n - 2k. 
Proof This can be shown by induction on the lexicographic order of 
the first two coordinates of admissible triples. Notice that 
G(n, n-k, n - 2k) is isomorphic to G(n, k, 0), hence hamiltonian for 
n an,. By the induction hypothesis, G(n- 1, k+ Y, Y) and G(n - 1, 
k + r - 1, r - 1) are already hamiltonian when n > n,, and n - 2k > r. Then 
use Theorem 1 to get what is desired. Q.E.D. 
Theorem 5, together with results from Heinrich and Wallis [S], will give 
affirmative answers to our conjecture when k - t = 1, 2, 3: 
1. The graphs G( 3, 2, 1) and G(3, 1, 0) are isomorphic and G(n, 1, 0) 
is hamiltonian for n 3 3. Hence G(n, k, k - 1) is hamiltonian for all 
admissible (n, k, k - 1). 
2. The graphs G(6, 3, 1) and G(n, 2, 0), II 3 6, are hamiltonian. 
Hence G(n, k, k- 2) is hamiltonian for all admissible (n, k, k - 2) except 
(5, 2, 0) and (5, 3, 1). 
3. The graphs G(7, 4, 1) and G(7, 3, 0) are isomorphic and G(n, 3, 0) 
is hamiltonian for n 3 7. Hence G(n, k, k- 3) is hamiltonian for all 
admissible (n, k, k - 3). 
To conclude this paper, we remark that an easy consequence of 
Theorem 5 is the equivalence between our original conjecture and the 
following statement: 
The graphs G(6, 3, 1) and G(n, k, 0) are hamiltonian for all n > 2k except 
(3% 2, 0). 
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